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Concurrent Programs
Syntax

-Process Concurrent Program
> Py,..., P, processes
> s1,...,5., local state variables ranging over a finite domain L

> x, a single shared variable ranging over a finite domain D

C: si:=l1;...;s.:=0,; x:=dp; doP1[...[Pi[...]Prod

yd

Pi: [true—>ﬁgc1 0..-0genl---1 &en ﬂ}

8Ch: [s;zﬁ/\x:d—>s;::€/;xzzd’;}

where (1,..., 0, 0,0 €L, and dy,d,d €D.



Concurrent Programs
Syntax: Example

A 2-Process Concurrent Program C:
» processes P; and P;,
> local state variables sy, s ranging over L = {t, u},

> shared variable x ranging over D = {0,1}

C: sp:=t;so:=t; x:=0; do Py | P> od

Pi: true — if P-: true — if
s;=tAax=0—>s;:=u;x:=0; so=tAx=1—sy=u;x:=1;

| si=t A x=1 — skip; | s2=t A x=0 — skip;

[si=uaAx=0—s:=t;x:=1, [sa=unx=1—sy:=t;x:=0;

fi fi




Concurrent Programs
Semantics
k-Process Concurrent Program C
x processes Pi,..., Pk
* local state variables s1,...,Sk ranging over L

+ shared variable x ranging over D

true — if
s1:i=L1;...;s:=lg;x:=dp; doP1 ... H si=li AXZdO?.s":: £ x=d ... Pk od
fi
Execution of C: Nondeterministic Interleaving of Pi,..., Pk

Kripke structure K = (S, So, R, \) associated with C
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Concurrent Programs

Semantics

k-Process Concurrent Program C
x processes Pi,..., Pk
* local state variables s1,...,Sk ranging over L

+ shared variable x ranging over D

true — if
si:=l1;...;s:=l;x:=dp; doP1 ... H si=L; A x=do—s;:= l:.;x::dé ... Pxod
:
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% total transition relation ./ \ l ./ \
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T =50,--+55;Si+1,: -+
path over K, Vi (s;,si+1) € R
(7 = si)



Concurrent Programs
Semantics
k-Process Concurrent Program C
« processes Pi,..., Pk

* local state variables s1,...,Sk ranging over L

+ shared variable x ranging over D

true — if
p— p— e Pl A
si:=l1;...;s:=l;x:=dp; doP1 ... H si=tinx=do=sii= i x:=do ... [Pk od
fi
Execution of C: Nondeterministic Interleaving of Pi,..., Pk
Kripke structure K = (S, So, R, \) associated with C uo=({l1,- . \Li, - Lk, do)

N\
K uy u2:<£17---7€,,'7"'7£k7d(/)>
S:{uo,ul,...,un}:L x D / \ \
* initial state So={uo} C S us ua us
* total transition relation ./ \ l ./ \
R={(uo, u1), (u2,us)...} CS xS
* labelling function =50, s Sip Sigly -

‘ i path over K, Vi (s;,si+1) € R
A= {<UO7 {51 2517. . .,S,'ZE,‘,..‘7S/< Z(fk>, } .. } (ﬂ.,, — s’,)

* set of states



Example

sii=t; s2:=t; x:=0;

true — if true — if
si=tAax=0—s1:=u;x:=0; so=tax=1—>sy:=u;x:=1;
do [si=tAx=1— skip; | s2=t A x=0 — skip; od
lsi=uaAx=0—si:=t;x:=1; lsa=unx=1—s:=t;x:=0;

fi fi



Example (Cont'd)

sii=t; so:=t; x:=0;

true — if true — if
si=tAax=0—s1:=u;x:=0; so=tax=1—>sy:=u;x:=1;
do [si=tAx=1— skip; | s2=t A x=0 — skip; od
lsi=uaAx=0—si:=t;x:=1; lsa=unx=1—s:=t;x:=0;
fi fi

(t,t,0)
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Example (Cont'd)

s1:=t; sp:=t; x:=0;

true — if true — if
Sl:t/\XZO*)SlZ:LI;X::O; Sz:t/\X:l*}52::u;X::1,
do [si=trx=1- skip; [s2=tnx=0— skip; od
HS1:qu:O—>S1::t;x::1; HSQIU/\X:].—)SQ;:t;X::O_
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Example (Cont'd)

sii=t; so:=t; x:=0;

true — if true — if
si=tAax=0—s1:=u;x:=0; so=tax=1—>sy:=u;x:=1;
do [si=tAx=1— skip; | s2=t A x=0 — skip; od
lsi=uaAx=0—si:=t;x:=1; lsa=unAnx=1—sp:=t;x:=0;
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NS

(t,t,1)



Specification: Behavioural Properties

Time dependant behavioural properties of Concurrent Programs:
» liveness, something 'good’ will eventually happen
» safety, something 'bad’ will never happen

Specified in a Temporal Logic, i.e., Computation Tree Logic (CTL):
> path quantifiers: for all paths A, for some paths E

> temporal operators: eventually F, globally G, next X,....

A k-Process Concurrent Program C satisfies a behavioural property
@ iff the Kripke structure K associated with C satisfies ¢.



Specification: Behavioural Properties

Computation Tree Logic

> Syntax: ¢ i=b [ 1 a2 | ~p | EXe | EGy | E[p1 Ugo]
AGy = —EF— ¢, etc.

» Semantics:

Kripke structure K

state s K,skE=op

CTL formula ¢

recursively defined as follows:

K,sEDb
K,sE-¢
K:?S’:(pl A P2
K,s EEXp

iff
iff
iff
iff

K,s EE[p1U o] iff

K,sEEGy

iff

b e A(s)

K,s E ¢ does not hold

K,sE 1 and K,sFE s

there exists (s, t) € R such that K, t F ¢

there exists a path 7 = (s,s1,...) in K and />0
such that IC, m; F 2

and for all 0<j<i, K, 7 F ¢1

there exists a path 7 such that

mp=s and for all i>0, K,mF ¢



Specification: Behavioural Properties

Computation Tree Logic

mutual exclusion: AG—(sy=u A sa=u)

<t7 t’ O>

A
AL & 7\
T /‘\ (u,t,1) (u,t,0)

l 2-Process Concurrent Program for

—~
~

7t51>
IC,(t, t,0) EAG—(si=unAsp=u)

(t,t,0) — (u,t,0) — (t,t,1) — (u,t,1)

!

(u, t,1) ¢— (t, t,1) «— (u,t,0) «— (t, t,0)

1



Specification: Structural Properties

Symmetric Program Structure

» Intra-process properties
» eg. T CLxL, local transition relation

x pattern of execution of each process
x local property of each process

> Inter-process properties
» e.g. f: D — D, k-generating function

* permutation (bijection) on D (domain of the shared variable)
* pattern shared by processes P’s
* global property of C

T and f define a Symmetric Program Structure ¥ = (f, T)

A k-Process Concurrent Program C satisfies ¥ iff
1. each process Py,..., Py in C satisfies T, and
2. C satisfies f



Symmetric Concurrent Programs

k-generating function:
x f=id
x f is a generator of a cyclic group
Gf = {Ida f’ f2a sy fkil}
of order k

f

P ———— P,

If
I

Pk (T Pk—l

fk=id



Example
A 2-Process Symmetric Concurrent Program for Mutual Exclusion
Symmetric Program Structure &
» T ={(t,u), (u,t),(t, t)}
» f=1{(0,1),(1,0)} of order 2: 2 = id

true =if st =tAax=0—= s :=u; x:=0;

| si=tax=1—s:=

| si=uAax=0—s:=t;x:=1;fi



Example
A 2-Process Symmetric Concurrent Program for Mutual Exclusion

Symmetric Program Structure &
> T = {<t? u): <u7 t), <t7 t>}
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\ \
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| si=uAax=0—s:=t;x:=1;fi



Example
A 2-Process Symmetric Concurrent Program for Mutual Exclusion

Symmetric Program Structure &
> T = {<t? u): <u7 t), <t7 t>}
» f={(0,1),(1,0)} of order 2: f2 = id

true —if st =tAax=0— s1:=u; x:=Q;
\ \
true —if s =tAax=1—>s:=u; x:=1;
| si=tax=1—s:=t; x:=1;
f f

| s=tax=0—s:=t; x:=0;

| si=uAax=0—s:=t;x:=1;fi



Example
A 2-Process Symmetric Concurrent Program for Mutual Exclusion
Symmetric Program Structure ¥
» T ={(t,u), (u,t),(t, t)}
» f={(0,1),(1,0)} of order 2: f2 = id

true =if st =tAax=0— s :=u; x:

F \
true —if s, =1t

AX=1—=5s:=u; x:=1;

=

i

(Y

Vi

| si=tax=1l—s:=t; x:

N

| s=tax=0—s:=t; x:=0;

| si=uAax=Q— s :=t; x:=1; fi
f

/

| s=uax=1—>s:=t; x:=0;f



Synthesis of a Concurrent Programs

» automatically derive a k-concurrent program from a given
specification:

» Behavioural Properties
» Structural Properties

» derive a program correct by construction

s1:=01; sp:=Vlp; x:=dp;

true — if true — if
s1=Cax="—s:=":x:="; o= Ax="—s=":x:="7;
. od

do

Hslz?/\ x="T—s1:=":x:="7; ﬂszz?/\ x="—s:=";x:=";
fi fi



Synthesis Problem

The synthesis problem of a k-process symmetric concurrent
program C starting from:

1. a CTL formula ¢ (Behavioural Property),
2. a Symmetric Program Structure X =(f, T) (Structural Property)

consists in finding a k-Process Symmetric Concurrent Program C
such that

x foralli >0 f(P,) = P(,' mod k)+1: and
« C satisfies ¢

We guess a process P; whose local structure satisfies T and we
generate a set of processes Pq,..., Py using f such that the Kripke
structure associated with C satisfies ¢



ASP-based Synthesis Procedure

Answer set program [1 is the union of:
» [, encoding Behavioural Properties

» [y encoding Structural Properties ¥

We reduce the derivation of a k-Process Concurrent Program
to an answer set computation task

> answer set program [1 encodes a synthesis problem,

> answer sets encode solutions to the problem



Logic program based synthesis

Encoding behavioural properties

@, a CTL formula representing a behavioural property

We encode ¢ and the CTL satisfaction relation as a logic program:
1. < notsat(sp, ¢)
2. sat(U, F) < elem(F, U)
3. sat(U, not(F)) < not sat(U, F)
4. sat(U,and(F1, F2)) < sat(U, F1)asat(U, F)
5. sat(U, ex(F)) < tr(U, V)asat(V,F)
6. sat(U,eu(F1, Fp)) « sat(U, F,)
7. sat(U, eu(F1, Fp)) <—sat(U, Fi)atr(U, V)asat(V, eu(Fi1, F2))
8. sat(U,eg(F)) < satpath(U, V, F)asatpath(V,V,F)
9. satpath(U,V,F) < sat(U, F)atr(U, V)asat(V,F)
10. satpath(U, Z, F) < sat(U, F)atr(U, V) asatpath(V,Z, F)



Logic program based synthesis
Encoding behavioural properties (Cont'd)

11.1 tr(s(Sy, ..., Sk, X), (S, -+ S X'))

reachable(s(S1, ..., Sk, X)) A
gC(l, 517X> Siaxl) /\<517)<>7é <51>X/>

11.k tr(s(S1,..., Sk, X),s(S1, ..., S, X))«

12.
13.
14.
15.

reachable(s(S1, ..., Sk, X)) A
gC(k, Skvxa S[,()X,) A<Skax>7é<5[/(7X/>
< not out(S) A reachable(S)
out(S) « tr(S,2)
reachable(sy) <
reachable(S) < tr(Z,S)



Logic program based synthesis

Encoding structural Properties

Y = (f, T), a symmetric program structure

We encode X as follows:

L1 Vs xryenext((s:,x)) 8€(L, S1, X, 57, X") <= reachable(Sy, .. ., Sk, X)
12 ¢ ge(1,5,X, 5, X') n ge(1,5,X,5”,X") n (S',X') (5", X"
2.1 ge(2,5,f(X), S, f(X") «+ ge(1,5,X,5, X)

22 ¢+ gc(2,5,X,5", X)) Anot ps(2,S, X)

2.3 ps(2,S,, X) « reachable(Sy, Sz, ..., Sk, X)

k.1 gC(k,S7 f(X),S/7f(X/))(;gC(kfl,S,X75/,X/)

k2 <+ gc(k,S,X,5,X’) Anot ps(k, S, X)

k.3 ps(k, Sk, X) < reachable(Sy, Sz, ..., Sk, X)

where Next(¢,d) = {(¢',d") | t— ¢ € T nd" € D}.



Correctness of Synthesis Procedure

Theorem (Correctness of Synthesis)

Let M =T, UMNs. be the logic program obtained from:
1. a CTL formula ¢, and
2. a symmetric program structure ¥ = (f, T).

Then,

(sl::&);...;sk::&); x:=dp; do P [...[ P« @) E e

iff there exists an answer set M in ans(I) such that
Vie{l,...,k}, V¢, 0 €L, vd,d €D,
(si=lax=d—sj:=0;x:=d") isin P; iff Ml=gc(i,¢,d, ¢, d")



Experimental results

Examples

>

Mutual Exclusion (ME): it is not the case that process P; is in its critical
section (s;=u), and process P; is in its critical section (s;=u) at the
same time: for all i,j in {1,..., k}, with i # j,

AG —\(s,-:u A Sj :u)
Starvation Freedom (SF): if a process is waiting to enter the critical

section (s;=w), then after a finite amount of time, it will execute its
critical section (s;=u): for all i in {1,..., k},

AG (S,':W — AF s,-:u)

Bounded Overtaking (BO): while process P; is in its waiting section, any
other process P; exits from its critical section at most once: for all i, in

{1,...,k},
AG ((S,‘ =WA sj:u) — AF (S_,' =tA A[—\(Sj = u) Us; = u]))
Maximal Reactivity (MR): if process P; is waiting to execute the critical

section and all other processes are executing their noncritical sections,
then in the next state P; will enter its critical section: for all i in

1,... k),

AG((si=w A Ajea, iy 8i=t) = EXsi=u)



Experimental results

Synthesis of k-Process Symmetric Concurrent Programs for the
mutual exclusion problem satisfying some Behavioural properties in

{ ME, SF, BO, MR}.

] Program | Satisfied Properties| [D[ [ f | [ans(M)|[Time [s] |
mutex for 2 processes | ME 2 id 6 0.07
mutex for 2 processes | ME 2 fi 7 0.70
mutex for 2 processes | ME, SF 2 fi 3 0.71
mutex for 2 processes | ME, SF, BO 2 fi 3 1.44
mutex for 2 processes | ME, SF, BO, MR 3 H 2 11.70
mutex for 3 processes | ME 2 id 5 0.95
mutex for 3 processes | ME 2 fi 10 0.87
mutex for 3 processes | ME, SF 3 f3 8| 152.00
mutex for 3 processes | ME, SF, BO 3 3 81| 1700.00

f1={(0,1),(1,0)}

2 =1{(0,1),(1,0),(2,2)}
f3=1{(0,1),(1,2),(2,0)}

T ={{t,w), (w,w),{w,u),(u, 1)}



